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Filament orientation

We have chosen the value ±35◦ of the angle of filaments to the grafting
direction according to experimental results suggesting it to be prevalent in
lamellipodia (1, 2). Other studies found a broad distribution of angles (3).
The variety of dynamic regimes reported in the main paper does not depend
on the specific choice of the value for the angle, but can be found with a
large range of angles (see ref. (4) their Fig. 5). Therefore we conclude that
the results presented here do not depend essentially on the choice of angle.

Force exerted by detached filaments

Following (5), the entropic force fd exerted on the membrane by a single
filament with contour length l and a fixed distance z from the membrane
tangent is

fd(l, z, θ) =
fc

cos θ
f̃(η||, µ).

Here, θ denotes the angle between the filament and the normal to the mem-
brane; fc is the Euler buckling force and f̃ is a scaling function

f̃(η||, µ) = − ∂

∂η||
ln Z̃(η||, µ),

expressed in terms of the dimensionless variables

η|| =
(l cos θ − z)lp

l2 cos θ
, µ =

√

lp
3l

tan θ.

Thereby, Z̃(η||, µ) denotes the restricted partition sum:

Z̃(η||, µ) =
1

2
erfc

η||√
2µ

−
∞
∫

0

dq

πq
Im
[

eiqη||
(

a(iq)e−
3
2
(µq)2b(iq) − e−

1
2
(µq)2

)]

,

with the complex functions

a(z) =
1

cosh
√

z
and b(z) =

√
z − tanh

√
z

z3/2
.
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Linear response coefficient of attached filaments

Following (6), we used in the computations for the linear response coefficient
of a single attached filament with contour length l

k||(l, θ)−1 =
l2p

kBT

[

2l

3lp
− 5

9
+

1

18
e−3l/lp + cos(2θ)

(

1

3
+

e−3l/lp

6

)

+(sin θ)2e−l/lp − (cos θ)2
(

e−l/lp − 1
)2
]

,

where θ is the angle between the direction of the applied force and the
grafting direction.

Dependence of filament density and monomer con-

centration on Arp2/3 and cofilin concentrations

The model parameters most likely to depend on Rac1 activity are the total
filament density n = n+

a + n−
a + n+

d + n−
d and the polymerization velocity

vmax
p . How they vary with the Arp2/3 and cofilin levels can be estimated in

a simple way. Since the total amount of actin G0 stays constant, the amount
of monomeric actin G is related to the amount of filamentous actin by

G + c1nL = G0. (1)

Here, L denotes the mean value of the total length of the filaments, including
the cross-linked part, and c1 is a proportionality constant. Since only a very
short part of the filaments is fluctuating freely, we have l ≪ L, therefore we
neglect the variations of L when the dynamics of the membrane is oscillatory.
A similar conservation argument holds for the total amount A0 of active
Arp2/3-complex

A + c2n = A0, (2)

where A and c2n denote the free Arp2/3 and Arp2/3 bound to filaments,
respectively.
We assume that the actin network grows until it reaches a steady state, where
the number of branching filaments balances the number of capped filaments.
The analysis includes capping of barbed ends at a constant rate and neglects
capping of pointed ends as well as uncapping. For the Arp2/3 induced
branching we follow the kinetic analysis in (7), predicting a condition for
stationarity that follows from the balance of nucleation and capping events

A(G − GB
C )2n = c3n. (3)
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Here, GB
C denotes the critical concentration for addition of actin monomers

at the barbed end, and c3 is a further proportionality constant.
The equilibrium length L is reached when polymerization at the front bal-
ances depolymerization at the back, therefore

G − GB
C = c4LC, (4)

where we assume that polymerization is proportional to the amount of
available monomers and depolymerization increases with filament age and
amount of cofilin C available. Thereby c1−4 are positive proportionality
constants. Eqs. 1-4 can be solved to find total filament density n and equi-
librium monomer concentration G and how they respond to changes of the
concentrations A0 and C of the regulating proteins. We set G̃ := G̃ − GB

C

and G̃0 := G0 − GB
C . Conservation of the filament density (Eq. 3) relates

the free Arp2/3 concentration A to relative actin monomer concentration
G̃: A = c3/G̃

2. Conservation of the total filament length (Eq. 4) relates the
total filament length to the concentrations of actin monomers G̃ and cofilin
C: L = G̃/(c4C). Substitution of A and L in the remaining equations
that express conservation of actin (Eq. 1) and Arp2/3 (Eq. 2) leads to two
relations between relative monomer concentration G̃ and filament density n:

G̃ =
G̃0

1 +
c1n

c4C

and n =
1

c2

(

A0 − c3

G̃2

)

. (5)

Consequently, we have

∂G̃

∂A0
= − G̃0

(

1 +
c1n

c4C

)2 · c1

c4C
· ∂n

∂A0
⇒

(

∂G̃

∂A0

)

·
(

∂n

∂A0

)

< 0 (6)

and
∂n

∂C
=

1

c2
· 2c3

G̃3
· ∂G̃

∂C
⇒
(

∂n

∂C

)

·
(

∂G̃

∂C

)

> 0. (7)

Combining Eqs. 5 leads to a quadratic equation for the filament density n:

c2
1

c2
4C

2
n2 +

(

2c1

c4C
+

c2G̃
2
0

c3

)

n + 1 − A0(G̃0)2

c3
= 0.

With

an =
c2
1

c2
4C

2
, bn =

(

2c1

c4C
+

c2(G̃0)
2

c3

)

, cn = 1 − A0(G̃0)2

c3



Morphodynamics driven by actin 4

and ∆n = b2
n − 4ancn > 0 we get a unique positive solution

n =
−bn +

√
∆n

2an

if cn < 0, i.e., when total concentrations of available Arp2/3 and actin
satisfy A0(G̃0)2 > c3. If not enough Arp2/3 and actin are available, capping
prevents the formation of a filamentous network. However, when cn < 0, we
have

∂n

∂an
= −(bn −

√
∆n)2

4a2
n

√
∆n

< 0,
∂n

∂bn
= − n√

∆n
< 0,

∂n

∂cn
= − 1√

∆n
< 0.

It follows
∂n

∂A0
= −(G̃0)2

c3

∂n

∂cn
> 0 and

∂n

∂C
=

∂n

∂an
·
(

− 2c2
1

c2
4C

3

)

+
∂n

∂bn
·
(

− 2c1

c4C2

)

> 0.

From Eqs. 6 and 7 we get

∂G̃

∂A0
< 0 and

∂G̃

∂C
> 0.

From Eqs. 1-4, the ratio between the variations of the monomer concentra-
tion with the amount of Arp2/3 and cofilin is given by

(∂G/∂A0)

(∂G/∂C)
=

C

A0 − A
,

being therefore independent of the constants c1−4.

Membrane fluctuations and polymerization rate

A recent study by Shaevitz et al. (8) showed that the Brownian motion
of Listeria bacteria, which are also propelled by actin polymerization, may
contribute to the polymerization velocity. This study prompted us to ex-
amine whether membrane fluctuations may contribute to the intercalation
probability for monomers. Assessing membrane fluctuations has to take into
account that the leading edge membrane is under tension and is bound to
the attached filaments. Additionally, detached filaments exert a force on the
membrane. In order to obtain an idea of the size of membrane fluctuations
we estimate their standard deviation.
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The function h (~r) describes the hight of the membrane over a plane sur-
face. The Hamilton function of the membrane under tension S̃, with bending
modulus B̃ and in a potential Ṽ (h(~r)) is (9)

H (~r) =

∫

d2~r

[

1

2
S̃ (∇h (~r))2 +

1

2
B̃
(

∇2h (~r)
)2

+ Ṽ (~r)

]

. (8)

The motion of the membrane at the leading edge is restricted by the attached
filaments. Therefore we consider a quadratic piece of membrane of extension
L×L attached at its four corners to stiff rods without any excluded volume
restrictions. L corresponds to a typical distance of attached filaments. First,
we set the potential to 0. That case was considered in reference (10). We

obtain for ∆2 =
〈

(h (~r))2
〉

with tension S̃ = 0

∆2 =
6.03kBT

(2π)4B̃
L2. (9)

With the parameter range mentioned in the next paragraph we obtain
∆=0.19 - 89 nm. Extending this result to a membrane under tension yields

∆2 =
6.03kBT

(2π)2S̃
ln





1 + S̃
B̃

(

L
2π

)2

1 + S̃
B̃

(

l
2π

)2



 (10)

Here, l is a cut-off length corresponding to the thickness of the membrane
of about 5 nm. The value of S̃ = 0.05 pN nm−1 is given by the total ten-
sion along the leading edge S divided by the height of the leading edge of
200 nm (11). With kBT ≈ 4 pN nm, B̃ = 5 − 50 kBT = 20 − 200 pN
nm and a distance of attached filaments of ≈32 nm (12) or ≈22 nm (3)
we arrive at a standard deviation of 0.26-0.82 nm (Lm=32 nm) or 0.17-
0.54 nm (Lm=22 nm). Note, that we have neglected the vertical curvature
of the leading edge with a radius Rc of approximately 100 nm (11), which
will further reduce fluctuations. In summary, the gap required for monomer
insertion is larger than 3∆, if we assume the largest estimate 0.82 nm to
apply. The intercalation probability is less than 1%, if we estimate it with
a Gaussian distributions for the amplitude of membrane fluctuations (9). It
is unlikely that membrane fluctuations of this magnitude contribute to the
intercalation probability.
But if we assume we underestimated ∆ by a factor 2 or 3 and membrane
fluctuations do contribute, would this change the form of the dependence of
the polymerization rate on the force fd exerted by detached filaments? The
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probability for large membrane fluctuations is reduced by fd. We describe
the effect of this force by a potential Ṽ (h(~r)) acting on the membrane (see
Eq. 8) (9). The function h (~r) denotes the deviation of the membrane from
its force free position and h(~rt) is the position of the membrane at the tip
of the filament pushing against the membrane. Following refs. (5, 13), we
assume the probability for a membrane fluctuation of size δm away from
h(~rt) to be proportional to exp(−[V (h(~rt) + δm) − V (h(~rt))]/kBT ), which
can be approximated by exp(−fd(~rt)δm/kBT ).
A gap between membrane and filament tip larger than the size d required
for monomer insertion can arise from filament and membrane fluctuations to-
gether. Its probability is proportional to exp(−fd(~rt)δm/kBT )exp(−fd(~rt)(d−
δm)/kBT ) = exp(−fd(~rt)d/kBT ), where we assumed independence of mem-
brane and filament fluctuations. The first factor on the left hand side arises
from membrane fluctuations and the second one from filament fluctuations.
Corrections to this expression might arise from correlations between mem-
brane and filament tip fluctuations. Since we obtain the same force depen-
dency as in Eq. 1 in the main paper, we assume that the current form of the
polymerization velocity captures also the essential force dependence of the
contribution from membrane fluctuations.
We arrive at a structure of the polymerization velocity like

vp = vmax
p e

−
fd(~r)d

kBT . (11)

The fact that vp does not vanish even for a rigid membrane suggests to
approximate vmax

p by

vmax
p = vfilament

p + vmembrane
p (fd) . (12)

The contribution of the membrane will depend on other parameters than
fd also, but we explicitly note the dependence of vmembrane

p on fd only to
underline that for the model its dependence on dynamic variables is crucial.
In the model, we neglect that force dependence of vmembrane

p , since we assume
it would only further reduce membrane contributions.

References

1. Svitkina, T., A. Verkhovsky, K. McQuade, and G. Borisy, 1997. Analysis
of the Actin-Myosin II System in Fish Epidermal Keratocytes: Mecha-
nism of Cell Body Translocation. The Journal of Cell Biology 139:397–
415.



Morphodynamics driven by actin 7

2. Verkhovsky, A. B., O. Y. Chaga, S. Schaub, T. M. Svitkina, J.-J. Meis-
ter, and G. G. Borisy, 2003. Orientational Order of the Lamellipodial
Actin Network as Demonstrated in Living Motile Cells. Mol. Biol. Cell

14:4667–4675.

3. Koestler, S. A., S. Auinger, M. Vinzenz, K. Rottner, and J. V. Small,
2008. Differentially oriented populations of actin filaments generated in
lamellipodia collaborate in pushing and pausing at the cell front. Nat

Cell Biol 10:306–313.

4. Gholami, A., M. Falcke, and E. Frey, 2008. Velocity oscillations in
actin-based motility. New Journal of Physics 10:033022.

5. Gholami, A., J. Wilhelm, and E. Frey, 2006. Entropic forces generated
by grafted semiflexible polymers. Physical Review E 74:041803.

6. Kroy, K., 1998. Viskoelastizitaet von Loesungen halbsteifer Polymere.
Hieronymus, Munich.

7. Carlsson, A., 2004. End versus Side Branching by Arp2/3 Complex.
Biophysical Journal 86:1074–1081.

8. Shaevitz, J. W., and D. A. Fletcher, 2007. Load fluctuations drive
actin network growth. Proceedings of the National Academy of Sciences

104:15688–15692.

9. Volmer, A., U. Seifert, and R. Lipowsky, 1998. Critical behavior of
interacting surfaces with tension. Eur. Phys. J. B 5:811–823.

10. Farago, O., 2008. Membrane fluctuations near a plane rigid surface.
Phys. Rev. E 78:051919.

11. Abraham, V. C., V. Krishnamurthi, D. L. Taylor, and F. Lanni, 1999.
The Actin-Based Nanomachine at the Leading Edge of Migrating Cells.
Biophys.J. 77:1721–1732.

12. Small, J., M. Herzog, and K. Anderson, 1995. Actin filament organiza-
tion in the fish keratocyte lamellipodium. J. Cell Biol. 129:1275–1286.

13. Mogilner, A., and G. Oster, 2003. Force generation by actin polymeriza-
tion II: the elastic ratchet and tethered filaments. Biophysical Journal

84:1591–1605.


